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Problem 1.

If S is a subspace of a normed space V , then S is also a subspace of V .

Problem 2.

Let (bn)n∈N be a sequence of real numbers defined by

b1 = −1, bn+1 = bn − b2n.

Let V =
⊕∞

k=0 C be an inner product space with (linear) orthonormal basis {|k〉}∞k=0. Define
a sequence of vectors

v0 = |0〉
v1 = |0〉+ |1〉
v2 = |0〉+ b1 |1〉+ |2〉
v3 = |0〉+ b1 |1〉+ b2 |2〉+ |3〉

...

vk = |0〉+ b1 |1〉+ . . . + bk−1 |k − 1〉+ |k〉 .

Define subspaces M = span{v1,v3,v5, . . .} and N = span{v2,v4,v6, . . .} of V . Show that
M⊥ = N and N⊥ = M , but v0 6∈M + N .

Problem 3.

Show that |0〉 , |1〉 , . . . is a linear basis for a dense subspace of `2(N).
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This construction is due to Marsden.


