
Bruhat order and applications: Lecture 1

Grant T. Barkley

This will be a story about certain groups, called Coxeter groups. These are groups that are generated
from the reflective symmetries of various objects, and play a key role in many areas of algebra and geometry.
Here is a list of some areas where Coxeter groups play a key role:

� Lie groups and Lie algebras

� Finite simple groups

� Uniform polytopes

� Lattices

� Incidence geometry (in particular, Schubert calculus)

� Quiver representations

� Invariant theory

� Braid groups

The most familiar examples of Coxeter groups are the symmetric group Sn and the dihedral groups I2(m)
(more commonly denoted D2m, although we will avoid that notation). How are these built from reflective
symmetries? The dihedral group I2(m) is generated by the reflective symmetries of a regular m-gon. The
symmetric group Sn is generated from the reflective symmetries of an (n− 1)-simplex.

1 The symmetric group

Let’s briefly recall some conventions for working with the symmetric group. Let [n] denote the set {1, 2, . . . , n}.

Definition 1.1. The symmetric group Sn is the group of bijections

π : [n] → [n],

where multiplication is given by composition of functions. Elements of Sn are called permutations.

It is convenient to encode permutations using shorthand. The one-line notation of a permutation π is
the following string of digits:

π(1)π(2) · · ·π(n).

So, for example, there are two permutations of [2], and their one-line notations are 12 and 21. The identity
element in Sn has one-line notation 123 · · ·n. The product of the permutations 213 and 132 is

213 · 132 = 231.

Another useful way of encoding a permutation is using cycle notation. A cycle is a permutation which
permutes some subset of [n] in a cyclic order (such as sending 2 to 4, sending 4 to 3, sending 3 to 5, and
sending 5 back to 2), and which fixes the remaining elements. We encode a cycle by writing the permuted
numbers in their cyclic order and wrapping it with parentheses. For example, the cycle just mentioned is
denoted (2435). We could also write this as (4352) or (3524). We might also write (2, 4, 3, 5) with commas
for clarity, but the meaning is the same. The most important cycles for us will be the transpositions, which
are the 2-cycles. There are

(︁
n
2

)︁
many transpositions in Sn. In S3, the transpositions are (12), (23), and (13).
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Because transpositions will be so important for us, it is good to be aware of what multiplying by a
transposition does to the one-line notation of a permutation. Let π be a permutation and let a < b be
elements of [n]. Then right-multiplying by the transposition (a, b) swaps the entries in positions a and b:

35241 · (1, 2) = 53241 and 35241 · (2, 4) = 34251.

In contrast, left-multiplying swaps the values a and b:

(1, 2) · 35241 = 35142 and (2, 4) · 35241 = 35421.

We will use these operations quite a bit.

2 Coxeter groups

We will define Coxeter groups at the end of the section. But it will be useful to discuss some features of a
Coxeter group before we do so.

2.1 Simple reflections

Every Coxeter group W is equipped with a distinguished subset called S. The choice of S ⊆ W is part of
the data of a Coxeter group, like the choice of a multiplication operator is part of the data of a group. The
elements of S are called simple reflections (or simple generators); the definition of a Coxeter group
requires them to generate W . Additionally, the elements of S are required to have order 2: if s ∈ S, then
s2 = e (and s ̸= e). The number of simple generators is the rank of W .

The standard Coxeter group structure on Sn uses the set S = {(1, 2), (2, 3), . . . , (n−1, n)}. For shorthand,
we usually write si = (i, i + 1), so that S = {s1, s2, . . . , sn−1}. For the symmetric group, the elements of
S are also called simple transpositions. One can check that the simple transpositions have order 2 and
generate Sn. The rank of Sn is n− 1.

Because the elements in S generate W , by definition, each element w ∈ W can be written as a product
si1si2 · · · sik . Such a product is called a word or expression for w. The length of the word si1 · · · sik is k,
the total number of generators used in the word. Words can have different lengths; here are two words for
312:

312 = s1s2s1s2 = s2s1.

The following definition is extremely important.

Definition 2.1. Let W be a Coxeter group and let w ∈ W . The length of w is the minimum length of any
word for w, and is denoted ℓ(w). A word for w which has length ℓ(w) is called a reduced word.

The length of 312 is 2, and s2s1 is a reduced word for 312. The word s1s2s1s2 is not reduced. The
permutation 321 has two reduced words: s1s2s1 and s2s1s2, so reduced words are not unique. It is not
obvious from the definition how one would compute ℓ(w) from the one-line notation, but we will shortly see
that a property of Coxeter groups will make it easier.

2.2 Reflections

In this section we will introduce the abstract notion of a reflection element in a Coxeter group. Later we will
see that these abstract group elements actually correspond to honest-to-goodness reflections in a geometric
setting.

Definition 2.2. Let W be a Coxeter group with simple reflections S. An element t ∈ W is called a
reflection if t = wsw−1 for some w ∈ W and s ∈ S. The set of reflections in W is

T := {wsw−1 | w ∈ W, s ∈ S}.

In the symmetric group Sn, the reflections are exactly the transpositions. Hence |T | =
(︁
n
2

)︁
. It is sometimes

useful to observe that an element of W is a reflection if and only if it has an odd-length palindromic word,
such as s1s2s3s2s1. The motivation for calling the elements of T reflections will not be clear until we see some
geometry, but we can find some applications right away. The idea is that reflections are the “directions” via
which you can make a reduced word smaller.
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Definition 2.3. A (left) inversion of w ∈ W is a reflection t ∈ T such that ℓ(tw) < ℓ(w). The set of
inversions of w is denoted inv(w). A (right) descent of w ∈ W is a simple reflection s ∈ S such that
ℓ(ws) < ℓ(w).

If we are given a reduced word for w, then it is easy to write down a list of ℓ(w) many inversions of w.
Let’s say the reduced word is si1si2 · · · sik . Then

si1 · w = si2si3si4 · · · sik−1
sik

si1si2si1 · w = si1 si3si4 · · · sik−1
sik

si1si2si3si2si1 · w = si1si2 si4 · · · sik−1
sik

...

si1 · · · sik−1
siksik−1

· · · si1 · w = si1si2si3si4 · · · sik−1
.

So multiplying w by one of the elements on the left produces a (not necessarily reduced) word of length
k − 1, and thus an element of W with length at most k − 1. The elements on the left are all reflections,
and it is not hard to show that they are all distinct. So a reduced word for w gives a way to list ℓ(w) many
inversions of w. Are these all of the inversions of w? Equivalently, is the number of inversions of w equal to
ℓ(w)? The answer turns out to be yes, and this fact is so important that it actually gives a way of defining
Coxeter groups. (There are many equivalent ways to define Coxeter groups, so this may not be the definition
you have seen.)

Definition 2.4. Let W be a group, and let S ⊆ W be a generating set for W so that every element of S has
order 2. Define the set T := {wsw−1 | w ∈ W, s ∈ S}. Then (W,S) is a Coxeter system if, for all w ∈ W ,

|{t ∈ T | ℓ(tw) < ℓ(w)}| = ℓ(w).

In this case, we say that W , equipped with the simple reflections S, is a Coxeter group.

Let us test this definition by proving that Sn is a Coxeter group. Along the way, we will characterize the
inversions and descents in Sn. In the characterization, we will discuss the condition π−1(b) < π−1(a). You
don’t need to compute π−1 to understand this condition; all it means is that b appears somewhere to the
left of a in the one-line notation of π. (This is because π−1(b) is the position of b in the one-line notation of
π, and similarly for a.)

Theorem 2.5. The following hold for a permutation π ∈ Sn:

(a) The inversion set satisfies

inv(π) = {(a, b) | 1 ≤ a < b ≤ n and π−1(b) < π−1(a)};

(b) | inv(π)| = ℓ(π);

(c) The simple reflection si is a descent of π if and only if π(i) > π(i+ 1).

Hence the symmetric group Sn, equipped with its generating set S = {s1, . . . , sn−1}, is a Coxeter group.

Proof. We will use induction on ℓ(π) to prove (a) and (b). If ℓ(π) = 0, then π = e. Since e has no inversions,
(b) holds for e. Since there are no pairs (a, b) that appear out of order in e, (a) holds for e.

Now assume instead that ℓ(π) > 0 and that we know (a) and (b) for all permutations π′ with ℓ(π′) < ℓ(π).
Let si be a descent of π. Let π′ = π · si, so that ℓ(π′) = ℓ(π)− 1. Then by induction, we know (a) and (b)
hold for π′.

Observe that right-multiplying π′ by si causes the entries in positions i and i+1 to swap. Since we know
this raises the length of π′, that means (π′(i), π′(i + 1)) is not an inversion of π′. Then property (a) for π′

implies that π′(i) < π′(i+ 1). Hence π(i) > π(i+ 1). We will prove that

inv(π) = inv(π′) ∪ {(π(i), π(i+ 1))}.

3



The right-hand side has size ℓ(π) (using property (b) for π′). Moreover it is not hard to see that the pairs of
integers that are out of order in π are exactly those that are out of order in π′, along with (π(i), π(i + 1)).
Hence proving the equality will prove both (a) and (b).

Let si1 . . . sik−1
be a reduced word for π′. Then si1 · · · sik−1

si is a reduced word for π. We know from
property (b) for π′ that any t ∈ inv(π′) is equal to si1 · · · sijsij−1

· · · si1 for some j. Hence t is also an
inversion of π. This proves that inv(π′) ∪ {(π(i), π(i + 1))} ⊆ inv(π), since we already observed that
(π(i), π(i+ 1)) ∈ inv(π). Conversely, let 1 ≤ a < b ≤ n and assume that (a, b) ∈ inv(π). Then ℓ((a, b) · π) <
ℓ(π), so we inductively know property (a) holds for (a, b) · π. We learn that a appears somewhere to the
left of b in the one-line notation of (a, b) · π, which means that b appears to the left of a in the one-line
notation of π. As noted earlier, this implies (a, b) ∈ inv(π′) ∪ {(π(i), π(i + 1))}. Hence we have proven
inv(π) = inv(π′) ∪ {(π(i), π(i+ 1))}, which implies (a) and (b) for π. By induction, (a) and (b) hold for all
elements of Sn.

To see (c), note that π · si = (π(i), π(i+ 1)) · π. Hence si is a descent of π if and only if (π(i), π(i+ 1))
is an inversion. Applying (a), we deduce (c).

Remark 2.6. Typically, inversions and length in the symmetric group are defined using parts (a) and (b) of
the theorem. Since we are dealing with Coxeter groups, which do not always have an analog of (a) and (b),
we gave the Coxeter theoretic definitions first and stated the usual one as a theorem. You should feel free to
switch between the perspectives, and think of an inversion of a permutation as a pair which is out of order,
and the length of a permutation as the number of inversions.

2.3 Coxeter diagrams

In order to describe a Coxeter group W , we will use a convenient diagram. To set it up, we will need a table
of invariants of W called the Coxeter matrix.

Definition 2.7. Let W be a rank n Coxeter group with simple reflections S = {s1, . . . , sn}. The Coxeter
matrix of W is the n× n matrix m so that the entry mij is equal to the group-theoretic order of sisj .

For example, consider S4. This has generators s1 = (1, 2), s2 = (2, 3), and s3 = (3, 4). The element
s1s1 is the identity, so m11 = 1. The element s1s2 is the 3-cycle (1, 2, 3), so m12 = 3. And the element
s1s3 = (1, 2)(3, 4), which has order 2, so m13 = 2. Continuing in this way, we get the Coxeter matrix

m =

⎛⎝1 3 2
3 1 3
2 3 1

⎞⎠ .

Why are Coxeter matrices important? It turns out Coxeter groups are determined by their Coxeter matrices,
in the following sense.

Proposition 2.8. Let (W,S) and (W ′, S′) be Coxeter systems with S = {s1, . . . , sn} and S′ = {s′1, . . . , s′n}.
Let their Coxeter matrices be m and m′, respectively, and assume that mij = m′

ij for all i, j. Then there

exists a group isomorphism φ : W
∼−→ W ′ such that φ(si) = s′i for all i.

Note that the Coxeter matrix satisfies mij = mji for all i, j, and it satisfies mii = 1. It turns out that any
matrix of positive integers satisfying those two properties, in addition to requiring that mij ̸= 1 when i ̸= j,
is the Coxeter matrix of some Coxeter group. These are not the only Coxeter matrices that can appear,
though: it is possible for the order of sisj to be infinite, so we need to allow ∞ to be in the matrix. How do
we construct a Coxeter group with a given Coxeter matrix? We can use group presentations.

Proposition 2.9. Let m be an n × n matrix with entries in N ∪ {∞}, so that diagonal entries are 1,
off-diagonal entries are not 1, and mij = mji for all i and j. Then the group

W = ⟨s1, . . . , sn | (sisj)mij = 1⟩,

equipped with the generating set S = {s1, . . . , sn}, is a Coxeter group with Coxeter matrix m. In this group
presentation, if mij = ∞, then we interpret (sisj)

mij = 1 to mean no relation is imposed on sisj.

Writing down the full matrix is a bit cumbersome, so we use a diagram to encode it instead.
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Definition 2.10. Let (W,S) be a Coxeter system with S = {s1, . . . , sn}, and let m be the Coxeter matrix.
The Coxeter diagram of W is a graph with nodes labeled 1, 2, . . . , n. It has an edge between nodes i and
j if mij > 2. If mij > 3, then we label the edge with the number mij .

Applying this to S4, we get the Coxeter diagram

1 2 3 .

In general, the symmetric group Sn has Coxeter diagram

1 2 · · · (n− 2) (n− 1)
.

We will see in the exercises that the dihedral group has Coxeter diagram 1 2m .

3 Posets

We will be especially interested in partial orders that arise from Coxeter theory.

Definition 3.1. A partial ordering of a set W is a binary relation ≤ which is

� Reflexive: x ≤ x, and

� Transitive: if x ≤ y and y ≤ z, then x ≤ z, and

� Antisymmetric: if x ≤ y and y ≤ x, then x = y.

The pair (W,≤) is called a poset.

An example of a poset is the divisibility relation between positive integers. A non-example is the
divisibility relation between all non-zero integers, since 1 divides −1 which divides 1, but 1 ̸= −1.

As usual, we write x < y if x ≤ y and x ̸= y. It may be possible that two elements x and y satisfy neither
x ≤ y nor y ≤ x; in this case we say that x and y are incomparable. Otherwise, x and y are comparable.
We will depict posets using Hasse diagrams. A Hasse diagram draws the elements of the poset so that
smaller elements are below larger elements. We depict the order relations by putting an edge between two
elements x and y if x < y and there does not exist z ∈ W such that x < z < y. (If this occurs, then we say
that y covers x or that the pair (x, y) is a cover relation.) An example is the following:

w

x

y

z

This depicts a partial order on the set {w, x, y, z}. In this partial order, w ≤ x, w ≤ y, w ≤ z, and x ≤ y.
The elements y and z are incomparable (as are x and z). Note that we do not draw an edge between w and
y even though w < y; this is because x is between w and y, so (w, y) is not a cover relation.

Let W be a Coxeter group. There are two partial orderings of W that are of utmost importance in
applications. One is the Bruhat order, denoted by ≤, and the other is the weak order, denoted by ≤R.
The name “weak order” is because ≤R is weaker than ≤, meaning that x ≤R y implies x ≤ y. We will
discuss these orders in greater detail in the remaining lectures. For now, we shall just give the definition.

Definition 3.2. Let u, v ∈ W . We say that u ≤R v if there exists a reduced word si1si2 · · · sik for v and an
index 0 ≤ j ≤ k such that u = si1si2 · · · sij . We say that u ≤ v if there exists a reduced word for v with a
subword that multiplies to u.

The Hasse diagrams for these two partial orders on S3 are shown below; the weak order is shown on the
left, and the Bruhat order is shown on the right.
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123

213

231

321

312

132

S3

123

213

231

321

312

132

4 Problems

1. Warm up: compute the one-line notation of the permutation (2, 4)(2, 3)(1, 4)(1, 3)(1, 2) in S4.

2. Show that the simple transpositions generate Sn.

3. Show that the reflections in Sn are the transpositions.

4. Show that every non-identity element of a Coxeter group has a descent. If s is a descent of w, show
that ℓ(ws) = ℓ(w)− 1.

5. In the following problems, feel free to use the fact that, for a < b, having (a, b) ∈ inv(π) means that b
is to the left of a in the one-line notation of π (equivalently, π−1(b) < π−1(a)).

(a) Compute inv(3412). What is ℓ(3412)?

(b) Prove that there is a unique element in Sn with maximal length. What is its length? This element
is often called w0.

(c) Prove that there is a unique reflection in Sn with maximal length among reflections. What is its
length?

6. The dihedral group I2(m) is generated by an order-2 reflection s1 and an order-m rotation R. Define
s2 = s1R. Let S = {s1, s2} and show that (I2(m), S) is a Coxeter system. Show that the Coxeter

diagram is 1 2m .

7. Let the group Bn be defined by

Bn := {π | π is a permutation of {−n,−n+ 1, . . . , n− 1, n} such that ∀i, π(−i) = −π(i)}.

Define the elements s1 = (1, 2)(−1,−2), s2 = (2, 3)(−2,−3), . . . , sn−1 = (n−1, n)(−n+1,−n) and the
element sB0 = (−1, 1). Let S = {sB0 , . . . , sn−1}. Then (Bn, S) is a Coxeter system (optional exercise:
prove it).

(a) What is its Coxeter diagram?

(b) How many elements are in Bn?

(c) How many reflections are in Bn?

The group Bn is also sometimes called Cn.

8. Define a partial order on partitions of length k so that λ ≤ µ if and only if λi ≤ µi for all i.

(a) Let X be the set of partitions of length 2 which are ≤ (2, 2). (There are 6 elements of X.) Draw
the Hasse diagram for X.

(b) Can you describe the cover relations in this partial order?

9. Verify that the Hasse diagrams for the weak order and Bruhat order on S3 match the ones from the
lecture.
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10. Prove that if two distinct elements of a Coxeter group have the same length, then they are incomparable
in Bruhat order.

11. There are several important properties of Coxeter groups that are all equivalent to the definition. Try
proving a few from our definition:

(a) Strong Exchange Property: If t ∈ inv(w) and si1 · · · sik is a reduced word for w, then there exists
a j so that tw = si1 · · · ˆ︁sij · · · sik . (The hat notation means to omit sij from the word.)

(b) Exchange Property: If s is a descent of w and si1 · · · sik is a reduced word for w, then there exists
a j so that ws = si1 · · · ˆ︁sij · · · sik .

(c) Deletion Property: If si1 · · · sik is a non-reduced word for w, then there exist j and j′ so that
w = si1 · · · ˆ︁sij · · · ˆ︁sij′ · · · sik .

12. Let the group Dn be defined by

Dn := {π ∈ Bn | The size |{i ∈ [n] | π(i) < 0}| is even}.

Define the elements s1, . . . , sn−1 as above, and define sD0 = (−1, 2)(−2, 1). Let S = {sD0 , . . . , sn−1}.
Then (Dn, S) is a Coxeter system (optional exercise: prove it). What is its Coxeter diagram?

13. Let W be a Coxeter group and let w ∈ W and t ∈ T . Prove that ℓ(tw)− ℓ(w) is odd.

14. Let W be a Coxeter group and let t ∈ T be a reflection. Prove that t has a palindromic reduced word.

15. Draw the Hasse diagrams for weak order and Bruhat order on I2(4).

16. Prove that if (x, y) is a cover relation in weak order, then ℓ(y) = ℓ(x) + 1. Do the same for Bruhat
order.

17. Prove that in the weak order on W , the number of elements which are covered by x is at most the
rank of W . Is the same true for Bruhat order?

18. Prove that B3 is isomorphic to the group generated by the reflective symmetries of a cube.
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